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ABSTRACT: In thispaper weintroduced the new resultsfor a generalised weak contractive mappingin
modular metric space using integral type.

[.INTRODUCTION AND PRELIMINARIES

Weak contraction in Hilbert space is firstly introduced by Alber and Guerre- Delabrierein 1997, and then later it
can be proved by Rhoades on the basis of complete metric spaces. It defines that If (X, d) is ametric space and
T is a mapping from X to X then T is said to be weakly contractive, If
d(T(x), T()) <d(xy) - d(x,y) (1)
When ¥ : [0,) - [0, ) is a non decreasing continuous function such that y(u) = 0
if f u =0 Also the concept is re-generalized by the author’s Dutta and Chaudhary for the generalization of
contraction in metric space.
The author Nakano first introduced the conceptual theory of modular metric space and further generalization can
be done by Musielak and Orlicz. Now the theory Modular metric space is mostly used the study of orlicz spaces
whose applications to integral operators, approximations and fixed point theory.
Definition1.1. Let X be an arbitrary vector space overK = (R or €).
A) A functional p: X — [0, 0] is called modular if:
@) px) =0iffx=0.
(ii) p(ax) = p(x) for a« € K with |a| = 1, for all x € X.
@iy plax+By) < p() +p(y) if a,=0,a+f =1,forallx,y €X
If (iii) is replaced by
(i) plax + By) < ap(x)+ Bp(y) if &,  =0,a + B =1, forallx,y € X
Then the modular p is called convex modular.
B) A modular p defines a corresponding modular space; i.e. the spaceX, given by:
X, ={x € X; p(ax) > 0 as a - 0} .2

Definition1.2. Let X}, be a modular space.

a) A sequence (X, )new in X, is said to be:

i) p-convergent to x Il p(x, —x) > 0 asn - o,

i) p-Cauchy if p(x, —x,) 2> 0asn — m,

b) X,isp-Complete if every p-Cauchy sequence is p-convergent.

c) A subset B € X,is said to be p-closed if for any sequence (x,,)ney © Band x,, — x we have x € B
d) A subset B € X, is said to be p-bounded if §,(B) = sup p(x —y) <=

for all x,y € B, where 6,(B) is the p-diameter of B.

e) phas a Fatou property if

p(x —y) <liminfp(x, — y,).

Whenever x,, = xand y, = yasn — .

f) p is said to satisfy the A, —condition if p(2x,) - 0, whenever p(x,) = 0

asn — o, (3

Definition 1.3. Let X be anonempty set and F: X - X. A point x € X is afixed point of FiffF x = x.
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Definition 1.4. Let Q be a subset of real number R. A mapping F : Q — R is called mcnotone increasing (or
monotone non-decreasing) x <y iff T(x) < T(y), for @l x and y are elements in Q. A mapping F:Q - R is
called monotone decreasing (or monotone nan-increasing), x = y Iff T(x) = T(y)for al x and y are elements
inQ.

[I.MAIN SECTION

2. A Fixed point Theorem of Integral Type for a generalized weak contr actionin modular spaces
Proposition 2.1. Let pbea modular space on X, Ifa, 8 € R* with g = a, then p(ax) < p(fx)

Proof: In case a = f§, we are done, suppose § > a, and then one has % < landthen p(ax) =p (%ﬁx)

:p(%ﬁx+(l~%)(0)) (4
=< p(Bx) + p(0)
= p(Bx)

Proposition 2.2. Let X, be amodular space inp satisfy the A,-condition and Let {x,,} n N be asequence in X,.
If p(c(xp—x,-1)) = 0 as n- oo, then p(al (x, — x,-1)) - O0as n- o, where ¢, I, a R* withc>
l and E +':—11 =1.

Proof: Since p(c (x, — xn_1)) = 0 as n— o, then by A,-condition we get

p(2™.c (xp — xn—1)) - Oasn- o ...(5
Now from proposition for m € N using Sandwich theorem, we have
p(2N ¢ (x, — xy—1)) — Oas n- o, ...(6)

forn N we have é +i =1, we get
al=(a-1c=c
Then there exist N, € N such that

2(Ny—1)c<(a—1)c<2(Na) ..(7)
By Proposition we get
p(Z(Na i 1)(.‘ (xn i xn—l))

Sp((a_l)c (xn_xn—‘l)) --(8)
< p(2(Na)c (xn — Xp_1))
From (6) and (8), we obtain
= lim plal (xn = xn-1))

= lim p((@ —1) (xp —xp-1)) =0 --(9)

Theorem 2.3. Let X, be a p-complete modular space, wherep satisfy the A,-condition and Let c, |,
R* withc > landR : X, — X, be a mapping satisfying the inequality

_f:(p(C(RI_Ry})) f(u)du < j;.l(p(l(x—y)))—q;(p(l():—y)}){(u)du ...(10)

For al x, y X,, where y, ¢ : [0,1) — [0,1) are both continuous and menotonic non decreasing function with
YW =0oW) =0 1Fu=0, &: R, > R, is a Lebesgue integrable mapping is summable on each compact
subset of [0,1), nonnegative and [, é(u)du =0, ¥ &> 0. Then R is a unique fixed point

Proof: Let the sequence be {x,n€ N and x, € X, by x, = Rx,_;,n=1.2,3, _
Wefirstly proves the sequence {p(c(Rx,, — Rx,_;))} = Operhaps

U(P(C(xn—XnJr'x})) ‘P(D('(In-i_xnj'})_ﬁb(f)(](xn—‘l_xnj'})
f {(wdu < f §(W)du
0 0

w( p(llxn—1=2xn))
_ S_f.]( " ) eu)du (1)

By monotonic non decreasing function of y and proposition, we have

(p(cben—2n+1))) (p(1Gen-1-xn)))
f E(wdu < f £ (wdu
0

0

< IQ(P(C(xnfn—xn)]) F(u)du (12
Therefore the sequence [p(c(x,_; — x,))] is monotone decreasing and bounded below, Hence there exists
r = 0 such that

lim,. . plc (Xp —Xxp—1)) =5 ..(13)
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If s > 0, taking n — o in the inequality (11), we get
w(s) = Y(s) — d(s)

<(s) ...(14)
Which isacontraction, thus s = 0 we have
limy, o p(c (X — xp_1)) = 0 ...(15)

Next, Now we prove the sequence {cx,In€ N is p-cauchy. Suppose that {cx, Jn€ N isnot
p-cauchy, then 3 & > 0 and subsequence {x, } and {x4; } with pk > gk = k such that
p(C (Xpr — qu)) 2¢€

ple Cepr—1 —xqx)) < € ...(16)

Now, let B € R* such thaté += =1, then we get

B
J‘H’(P(C(ka—qu})) J-tu(p(l(xpk—rqu-1]))—¢(Df1(xpk-1 —Xqle-1 }))

Euw)du < E(u)du

VUCTSE.))

</, §(u)du iy

c(xp—xqi) (*pi—1—%qi—1)
fu(p( - )) E(w)du < Jw(n{ i ))g(u)du
0

0
Which implies thatp (c(xpe — Xg) ) < p (1(pk-1 = Xq-1)) ...(18)
we have

(P(](xpk—i—qu-i}))
)

(P(](xpk—‘l_qu"‘qu_xqu—:l})
é(u)du = J‘ ' ){'(u)du

0
p(%c(,rpk_l-xq,-(]+%ﬁi{qu—qu_l))

= Ewydu  ...(19)

0

]

£+ P(ﬁl(qu_qu-i})
< f £ (w)du
0
From (16), (18) and (19), we get
£ P (c(xpk . qu))
= p (l(xpﬁ:—1 - qu—l))
< £+ p(al(xge = xqu-1)) ..(20)
From (15) and proposition [2.2] we have
limye—..p (B1(xpe — Xqu-1)) = 0 ..(21)
From (20) and (21) we obtain
p (c(xpk - qu)) = liMg.., P ({(xpk_l - qu_1)) =e ...(22
(P('(ka-i—l'qk-j)))

;Icim i EWdu=¢
~e J
Letting k — o in (17), by prop of y and Eq. (22) we get
v(e) < wle) —w(e) <y(e) --(23)

which is contradiction. Therefore {cx,}n€ N is p-cauchy. Since X, is p-complete there exist apointt  X,such
that lim,,., p(c(x; — £)) = 0, Next we prove that ¢ is @ unique fixed point of T.
putting x = x,_, and y = t in (10), we obtain

w(p(cCrpre)) (p(1xp-1-1))) -8 (p(1Gxp-1-1)))

I fwdu < [ £(u)du ..(24)
Now at n — oo, in the inequality we have
¥ (p(ctt - RDY)) < w(0) — $(0) = 0 ...(25)

p(c(Rt —t)) = 0 and Rt = t, Suppose that there exist s € X,suchthat Rs = s and s # t therefore we have
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lp(p(C{RE—RS)))
f(u)du < j E(w)du

0

SJ.Ow(p(l(r—s)))—cb(o(l(Hf')) &(u)du .-.(26)
(n(1e-5))
<[" e
]

qr(p(c(t—s)))
)

v(p(cit-s)))
)

<

< §(u)du
Which is a contraction. Hence t = s. Therefore R is aunique fixed point.
Corollary 2.4: Let X, be a p-Complete modular space where p satisfy the A-condition and Let c, I,
R* withc >landR : X, — X, be a mapping satisfying the inequality
p(C(Rx—R )) I(x— il 1(x-y)
() iy < (I i o)
For al x, y : X,, where ¢ : [0,1) - [0,1) are both continuous and monotonic non decreasing function with
¢(u) =0 Iff u=0,¢: R, = R, is a Lebesgue integrable mapping is summable on each compact subset of
[0,1), nonnegative and f;f(u)du =0, ¥ &> 0.ThenR hasaunique fixed point.
Proof: Take y(u ) = u we obtain this corollary.
Theorem 2.5: Let X, be a p-Complete modular spece where p saisly the A,-condition and Let c, |,
R* with c > landR : X, = X, be a mapping satisfying the inequality
I;a(p(-‘?x--'?yn E(wdu < J-ow(m(x.y))—tp(m(&y)}f(ujdu (28)
Foralx,y X,,where

p(x—y),p(x — Rx), p(y — Ry), ]
...(29)

e i{p Ca-r)+o(to-r0)Y
and Y, ¢ :[0,0) ~ [0,o0) are both continuous and monotonic non decreasing function with ¢(u) = ¢(u) =
O Iff u=0, Thené : R, — R, is a Lebesgue integrable mapping is summable on each compact subset
of [0, co)nonnegative and J'OE E(u)du =0, ¥ &> 0. Then R has a unique fixed point.

Proof: Firstly we prove that the sequence {y(c(R%x — R%"'x))} - 0, since

_fﬂw(p(kqx_kq_lx})f(u]du < J-ﬂw(m[ﬂ‘I"1x—R‘?'2x])—¢{m(R4"x—Rq-zx)){(u)du ...(30)
w(m(Rq'ix—Rq'zx})
< f E(u)du
0
Monotone non-decreasing of y we have
P(RIx — R 'x) < m(RT'x — R172x) ...(3D)

By definition of m(x,y), we get
p(RI~1x—RT"2x),p(RIx—RI™ 1),
W max[ [p(l/z](ﬂqx-ﬁ’q'zx}] J

2

L) e = |

0 0 fwdu  ...(32)

{p[Rq_lx—Rq_zx).p(R‘?x—Rq'Lx),
W maxy 1p(R1x=RT7x)+p(R? " x=RT"7x)]
- f |
0

2 '} ¢(wdu

fh; max{p(R1™1x—RT2x),p(R1x-RT1x)]
0

E(uw)du

If p(R9%x — R 1x) > p(RY"'x — RY"%x) > 0, then

m(R9'x — R77%?x) = p(R% — R 'x)
w(m(RI~1x-R9-2x))-¢(m(RI~*x-RI?x))

fwau < | £wdu
0

< Jyr (Bt nER0) ) (39)

q.r(p(_.‘?qx—.i?q"x})
|
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(p(RIx—RI1x)
< J‘LL (p }f(u) du
0

Which is a contradiction, and hence
Pp(R7x — R 'x) < m(RT'x — R77%x)

=p(R9'x — R %x) ...(34)
So, that the sequence {p(R%x — R7'x)} is monotone decreasing ard bounded below. Hence there exists k =
0 such thatlim,,_,, p(RIx — R 'x) =k  ...(35)

If k > 0, at n — o the inequality (30), we get
W(k) < w(k) — (k)

< P(k) ...(36)
Which is a contradiction, and thus k = 0, so we have
lim,_., p(R9x — R 'x) =0 ..(37)

Next we prove that the sequence {R7(x)},ey is not ap-cauchy and there exist € > 0 and sequence{p,} >
{qn} = n such that
p(KPrx — Rnx) = €, p(2(RP* *x — Rnx)) < € ...(38)
Since,
(RPny—RpIn RPn=lx, RIn=ly))— Pn-1y gin-1
PR R) gy gy < [ RI)g(mP L BN 5 gy (39)

<

E(u)du

J-ipr(m(ﬁ e Rq“‘lx))
o

Which implies that
p(RPrx — Rinx) < m(RP»~'x, R x)..(40)
p(RP»1x, RIn~1x), p(RPnx, RP»"1lx), p(RPx, an—lx)‘]
(41

{p (% (RPnyx, Rin~1 x)) +p e (RPn~1y, Rqﬂx)) %}
p(RPn~1x, RIn~1x) = p(RPn~lx — Rnx + RIn — RIn~1x)
< p(2(RPr~tx ~ R)) + p(2(R%x — R 1x))
< €+ p(2(RI"x — R 1x))
For the last term in m(RP=~'x, R~ 'x), by proposition (2.1), we have
J‘W[DG(RPM_ n*?n‘lx))w(é(npﬂ—ix— anx})%}
0

Also, m(RP»"'x, R 1x) = max[

&(u)du
J-m(p(%{RPﬂ_lx— R‘?nx))+p(%(RPﬂx—RPﬂ_1x +RPn=1x - RAnx) 4+ 3(RInx— RIn~1x) )7}
= é(w)du
0
1 1 1 1
U{p S(RPR=1x— giny) +p(—[R?’ﬂx—R?’ﬂ'1x +RPRT 1y — RNy )4+ (RINX— Rfm-ix))_]
<[ < et : YE(wdu ..(42)

w[p(é(ﬁpﬂ_lx— R‘?‘“x))+p(2{kpﬂx—Rpﬂ_1x))+p(2(RP"1_1x _ Ri?nx})+p((gi?nx— RQn—lx)}%}

E(uw)du

IN
_—

E(u)du

w{lp(®Ix- RIN1x)+ p(RPHx-RPR~1x ) |5}
<€+ [
0

It follows from (41) and (42) we have
p(R:D?‘l_lx -_— an_lx))p(Rpﬂx —_ an_lx), p(R"-htx — RQR_lx)J{
..(43)

{p (% (anx sasy Rﬂar.*lx)) +p (% (Rpfrix iy Rfi'nx)) %}
€ + p(2(RIx — RIn"1x ), p(RPrx — RPn~1x),p(R%nx — RIn"1x), €,
< max il
[p(Rtnx — R%™1x) + p(RPnx — RP1x)] 5
By (37), (38), (40) and (43) and the V,- cendition of p, we have
lim,. . (RPrx — RIx) = lim,,_,, m(RP» 'x — R 1x) = ¢ ...(44)

Taking n = o« in (39) by (44) and the continuity of y, we get
W(e) < wy(e) —d(e) <y(e) .-(45)

which s a contraction. Hence the sequence {R? (x)}qey is a p-cauchy. Since X, is a p-Complete and there exist
apoint v € X, suchthat p(R%x —v) - 0as q — «.

m(RPn~1x, RIn~1x) = max{
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Next we have to prove that v is a unique fixed point of R, for this, Let us assume that

Rv # v, then p(v — Rv) > 0.

SO uydu < [T 0T D) gy

m(RI1x, v) = max[

()0 m)

=max<0,0,p(v — Rv), >

=p(v—Rv) as q - =.
Now as g — o in (46) by using (47) we get

p(RI ™ x—v),p(R9™1x - qu ).p(v — Rv),
[p G (R 1x, Rv}) +p (% (v— R‘Tx)) %}

] ...(47)

w(pw—Rv)) W(p(v-Rv))~$(p (v-Rv))
J‘ §(wydu < J‘ E(u)du
0 0

< ff‘ow‘ﬁunf(u)du ey,
Which is a contradiction. Hence p(v — Rv) = 0 and Rv = v, If there exist point w € X, such that Rw =

w and v # w, then using an argument, we get

w(pv-w)) w(p(Rv—Rw))
| fwdu = [ £(u)du
0 [i]

=

J.qa(m(u.w)]—qb(m(v,w))
0

&(u)du

< fow(ﬂ(v—w)]—qbfﬁ(v—w))f(u)du .(49)

w(p(v-w))
< f Ew)du
0

Which isacontradiction, Hence v = w .

Corollary: 2.6. Let X, be a p-Complete modular space where p satisfy the A,-conditionand Let R : X, = X,

be amapping satisfying the inequality

[YE) £y gy < [YmEBOOD) £ gy ...(50)

Foralx,y X,, where

p(x =), p(x — Rx), p(y — Ry),
m(x,y) zmax’{p (%(x—Ry])ﬂ—p(%(y—Rx))%]] ...(29)

and y : [0,0) = [0,20) is continuous and monotonic non decreasing function with ¢(u) = 0 Iff u = 0, Then
&: R, = R, is a Lebesgueintegrable mapping is summable on each compact subset of[0, ) nonnegative and

Jy E@du=0,% £>0.y
Proof: Taking y(u) = u, we obtain the corollary.
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